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Analysis of Circulation-Controlled Airfoils in Transonic Flow

F. A. Dvorak* and D. H. Choit
Analytical Methods, Inc., Redmond, Washington

A method developed for the analysis of the transonic viscous flow over circulation-controlled airfoils is
described. A finite-difference method is used to solve the inviscid portion of the flow, and a combination of
integral and finite-difference methods is used to calculate the development of the compressible viscous layers.
An iterative procedure is employed to give solutions which satisfy the trailing-edge Kutta condition and in-
corporate the interaction between the viscous and potential regions of the flow. Comparisons between calculated
and experimental results show good agreement for surface pressure distributions and lift coefficients over a
range of blowing momentum coefficients and Mach numbers.
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pressible flow)
transformed coordinates [Eq. (14)]
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w = complex potential
z = physical plane
a = angle of incidence
7 = ratio of specific heats
6 = boundary-layer thickness
<5* = boundary-layer displacement thickness
0 = boundary-layer momentum thickness
K = longitudinal curvature of the airfoil
A =Pohlhausen parameter = (d2/v) (dUe/dx)
\ = (Q2/v)(dUe/dx)
v = fluid viscosity
p = fluid density
o = computational plane
<t> = velocity potential
\l/ = stream function

= [( T0 + 198.6)/(7> 198.6)]
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Subscripts
e = evaluated at the edge of boundary layer
0 = stagnation quantities
sepl = separation of lower-surface flow
sepu = separation of upper-surface flow
t = turbulence
tr = transformed
oo = evaluated at the freestream state

Introduction

THE application of circulation control by slot blowing
about bluff trailing-edge airfoils (Fig. 1) to both fixed-

and rotary-wing aircraft has led to improvements in aircraft
performance and control. Notable amongst these applications
are the Grumman A6 modification1 and the Kaman cir-
culation-controlled helicopter.2 The Navy/DARPA X-Wing3

(Fig. 2) is currently in the advanced development stage leading
to a flight demonstrator. Other possible applications of
circulation-control technology include the forward swept
wing and submarine sternplanes. Airfoils chosen for the three
flight demonstration applications were developed at the David
W. Taylor Naval Ship Research and Development Center
(DTNSRDC) almost exclusively by experiment. No adequate
theory existed during the design phase to aid in the airfoil
development. Potential flow alone is not sufficient for
theoretical analysis, as a valid solution exists for any value of
circulation. For a given blowing rate, the actual circulation is
a function of the upper- and lower-surface separation points,
and only a combined viscid/inviscid procedure can provide
this information. Such a method was developed for the Navy
and is described in Ref. 4.

This method (program CIRCON) combined an in-
compressible surface singularity panel method with both
integral and finite-difference boundary-layer procedures in an
iterative analysis. An initial guess is made for the value of
circulation in the potential flow program from which an
initial pressure distribution is obtained. The integral laminar
transition and turbulent boundary-layer calculation along the
lower surface of the airfoil establishes the lower-surface
separation point and pressure, /7sepl. The integral method is
also used on the upper surface to provide initial conditions for
the finite-difference method. Downstream of the blowing
slot, the finite-difference wall jet procedure is used to predict
the upper-surface separation pressure level, /?sepu. The in-
crement in circulation (plus or minus) for the next iteration is
a function of the difference in upper- and lower-surface
pressure levels. Viscous effects are included in the second and
subsequent potential flow calculations via the surface tran-
spiration boundary condition. A converged solution is
achieved when both separation pressures are within a
prescribed tolerance of each other, and the lift coefficient has
converged. CIRCON performed well for a variety of airfoil
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Fig. 1 Flow over a circulation-controlled airfoil.

Fig. 2 X-Wing aircraft concept.
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Fig. 3 Calculation
procedure.

COMPUTE NEW POTENTIAL FLOW SOLUTION
INCLUDING THE VISCOUS EFFECT

program CIRCON is limited to the subsonic regime; con-
sequently, a transonic version of the program was required.
The following sections briefly describe the approach used to
develop a transonic analysis procedure.

Transonic Analysis Method
General Description

As mentioned in the previous section, the present method,
TRACON, basically follows the same procedure as the earlier
version, CIRCON.

The flow chart shown in Fig. 3 illustrates the general
structure of the code. The computation cycle, that is, the
calculation of the potential flow, the boundary layer, the wall
jet, and the viscid/inviscid interaction is repeated until the
proper convergence criteria are met.

Jameson's transonic flow code,6 FL06, was adopted with
some modification for the potential flow calculation. Here,
the exterior of an airfoil is mapped onto the interior of a unit
circle so that the entire flowfield can be solved in a finite
domain. The equations are solved for the velocity potential </>,
with a guessed initial value of circulation; and the velocity
field is obtained by simply differentiating <t>.

The result is used for the boundary-layer calculation after
the array is rearranged starting from the forward stagnation
point. The boundary-layer calculation is initiated by the
laminar boundary-layer method of Cohen and Reshotko,7

and is continued on to turbulent boundary layers using
Green's "lag-entrainment" method.8 An improved version of
the finite-difference method used in CIRCON is employed for
the upper-surface boundary-layer development downstream
of the blowing slot for the blowing case.

Having obtained the points of separation and
corresponding static pressures, a new value of circulation is
estimated on the basis of separation pressures and current
value of lift. A new potential flow solution can then be
computed using this new estimate of circulation with the
viscous effect, i.e., velocity component normal to the surface,
taken into account.

Convergence is checked at this stage. The calculation
continues for another cycle unless /?sepu and /?sepl are in close
agreement and the variation of the lift coefficient between
successive iterations is in the range of convergence.

Details of individual elements are fully described in the
following sections.

Potential Flow Calculation Method
Basic Equations

From the equation of continuity and the momentum
equation, we have

, , d« /du 3v
-u2)-—-uv( —dx \dydy dx

dv-~dy (1)

Assuming irrotational flow, a velocity potential, </>, can be
defined; i.e.,

u= — v = —
dx dy

Substitute these into Eq. (1) to obtain

(2)

sections as was shown in Ref. 4 and Fig. 8. The method has
recently been coupled to an optimization program and is
currently being used for low-speed airfoil design.5

The X-Wing aircraft as conceived will fly in the fixed-wing
mode at speeds in the transonic regime. Because of the
generally thicker sections employed for circulation-controlled
airfoils, shock waves can be expected. The application of

(a2-u2)<i>xx-2uv<l>xy+(a2-v2)<j>v =0 (3)

This equation can be solved for </> with the use of the energy
equation

(4)
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where

The Neumann boundary condition is prescribed along the
surface; d</>/0fl = 0 is set initially, and it takes a new value
which reflects the viscous effect after each cycle of iteration:
first iteration,

where

subsequent iterations,

?* - L A
dn p ds

(5a)

(5b)

where 5* is the boundary-layer displacement thickness and s is
measured along the airfoil surface.

Because of the nature of Eq. (3), hyperbolic if the local
Mach number M=q/a>\ and elliptic if M< 1, it is essential
to transform the infinite flowfield onto a finite domain. This
can be achieved by mapping of the exterior of the airfoil in the
z plane conformally onto the interior of a unit circle in the a
plane.

This transformation is particularly useful because an evenly
distributed grid system in the circle plane gives denser finite
mesh near the body at the leading and trailing edges in the
physical plane where it is needed most.

Mapped Coordinate System
Consider the speed in the z plane,

a* da B2 rde dr

(6)

where

Thus we have

B = dz
da

= _ =
8x rddl dy dr (7)

The complex potential about a unit circle in a uniform
stream is given by

(8)

Here the velocity potential at infinity becomes unbounded and
is on the order of r. Since the present transformation requires
the direct inversion of this external flow, the singular behavior
at infinity inevitably occurs at the origin of the a plane.

In order to remove this singularity at the origin, 0(l/r), and
the discontinuity at 6 = 2ir due to the circulation, a translated
potential, G, is introduced:

(9)

where 2irEis the circulation, and a islhe angle of attack.
Substituting Eqs. (7) and (9) into Eq. (2) to obtain

r(Ge-E)-sm(0 + ot)
B

r2Gr-cos(6 + oi)

the Neumann boundary condition reduces to

Gr-cos(B + a)-f/B atr=l

while the far-field boundary condition becomes

(11)

atr=0 (12)

Here, the circulation constant E is determined by the Kutta
condition derived from the upper- and lower-surface
separation pressures and is discussed in a later section.

Method of Solution
The transformed Eq. (10) with boundary conditions, Eqs.

(11) and (12), is solved by a finite-difference scheme. Upwind
differencing is used where the local flow is supersonic, while
central difference formulas are used at subsonic points. The
resulting set of difference equations is solved iteratively.
Details of the method are referred to in the original paper6

and will not be reproduced here.
After the translated potential G is obtained, the tangential

velocity component u on the surface can be obtained readily
through simple differencing. The pressure coefficient Cp
along the surface is given by

C =p (y/2)M2
QO

(13)

The pressures at the off-body points, which are necessary
for the wall jet development calculation, can be obtained with
little extra effort since G has been determined for the entire
flowfield.

The method was tested thoroughly during the course of this
work and found to be quite satisfactory. With 64 points
around the body and 16 points in the radial direction, it
converged within 10~6 in less than ten iterations for most
cases. Shock locations, if there are any, are predicted quite
accurately.

Calculation of Boundary-Layer Development
The boundary-layer development along upper and lower

surfaces are calculated by using Cohen-Reshotko's laminar
boundary-layer calculation method and Green's turbulent
boundary-layer calculation method. The Granville procedure
is adopted as a transition criterion9 and the possibility of the
reattachment as a turbulent boundary layer after laminar
boundary-layer separation is also examined on the basis of the
Reynolds number based on the momentum thickness at the
point of separation.9

Cohen and Reshotko Method
This integral method was developed for the steady two-

dimensional laminar boundary layer with the assumption that
the surface temperature is uniform.

First, consider the Stewartson transformation,

—pv

-2uv(Ge-E) + (u2-v2)Gr
Po dx

}——dx

(10) Y=^-\ —(
Po

J= — V=-
dy a* (14)
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where \l/ and a represent the stream function and the speed of
sound, respectively. Capital letters denote quantities of the
equivalent incompressible problem. With this transformation,
the equivalent incompressible problem can be formulated.

The momentum integral equation in two-dimensional flow
is given by

where

9lr

U' (15)

where Cf is the skin friction coefficient Tw/1ApU2
ef and the

subscript tr denotes the transformed (incompressible)
coordinate. Introducing a parameter, X, where

dX

and substituting this into Eq. (15) gives

U0

(16)

(17)

The right-hand side of this equation can be approximated by a
linear function of X7'10; i.e., Cl — C2\ and, therefore, the
ordinary differential equation (17) has an analytical solution:

(18)

where the arbitrary constant vanishes to ensure a finite-
momentum thickness at the stagnation point. The Stewartson
tranformation of Eqs. (14) finally leads us to

\=C1M(
dMe

dx (19)

This can be readily solved for X by simple integration
formulas such as the trapezoidal rule. Then the momentum
thickness and the shape factor H are obtained from the ex-
plicit expressions of X. (See Ref. 7 for the details.)

The separation of the boundary layer is detected by
examining the Pohlhausen parameter, A= (d2/v) (dUe/dx),
assuming that the //—A table for the incompressible flow is
still valid.

After transition, either through natural transition or
through a separation/reattachment process, Green's method
takes over the calculation of downstream turbulent boundary-
layer development.

Green's Method
This is a "lag-entrainment" integral method involving three

equations: momentum-integral, entrainment, and a rate
equation for the entrainment coefficient.8 The method is a
combination of Head's original entrainment momentum-
integral method and the turbulent model proposed by
Bradshaw et al. in which the algebraic relation for the en-
trainment coefficient of Head's method is replaced by a rate
equation derived from the turbulent kinetic energy equation.

The resulting equations are

~=F2(Q,H,CE)

dCE

dx =F3(Q,H,CE)

(20)

(21)

(22)

e Jo

c =E peu
— pudydx Jo

This system of ordinary differential equations is solved by the
Runge-Kutta method. The separation point can be located by
monitoring both the friction coefficent Cf and the shape
factor//.

Calculation Method for the Wall Jet
The downstream section of the blowing slot is treated using

a finite-difference scheme of the Crank-Nicholson type. The
second-order equations of x momentum and temperature are
used to solve this complicated flow. The pressure variation
across the boundary layer is obtained from the potential flow
solution and is used as a forcing term in the calculation; x-
momentum equation:

pu du
1 + Ky

2/c

VK 1
1 + Ky dy

energy equation:

pucp dT dT u dp
1 + Ky dx CpPV dy 1 + Ky dx

1 + Ky dx

A
by

(23)

continuity equation:

1 + Ky dx
d(pu) d(pv)

+ ~17~

(24)

(25)

where K is the heat conductivity, K is the longitudinal cur-
vature of the airfoil, and pv = pv + p' v'.

The closure relationship used the eddy viscosity model
originally generated by Prandtl and later modified by Sawyer
(seeRefs.4and 11)

-U'v'=v ( dU C UK \l\dy 1 + Ky)
(26)

where C is an explicit function of y.
Equations (23) and (24) can be solved by marching in the x

direction provided that an initial velocity profile is known.
The outer part of this profile is obtained from Thompson's
two-parameter profile family12 by using RQ and //, which are
available from the upstream boundary-layer calculation. The
wall jet region is made up of a laminar boundary layer at the
wall blending to a computed inviscid velocity distribution in
the core.

After finite differencing, Eqs. (23) and (24) will form
tridiagonal matrix equations and these linear systems are
solved sequentially until they converge. The normal velocity,
v, is updated through integrating the continuity equation. If
the solution fails to converge within five iterations, the
current step size is reduced by half and the solution is sought
at this new x station.
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The procedure is continued until the boundary layer
separates. If a negative velocity is detected somewhere other
than at the wall surface, the region above this point is dropped
from the computation domain and the calculation is carried
on to the wall separation point.

Viscous/Potential Flow Interaction
The effect of the viscous layer is incorporated in the next

potential flow calculation in the form of a normal velocity
component along the surface; i.e.,

- —
p ds

(27)

which was derived under the assumption of inviscid flow
adjacent to the surface.

A new estimate of circulation is now established according
to the predicted upper- and lower-surface separation pressures
/?sepu and/?sepl, respectively,

(28)

where 2irE is the circulation and the numerical constant k has
a value in the range 0.2 <&<0.3.

Aerodynamic Forces
The lift and pitching moment coefficients are obtained

from the calculated pressure distribution, and the drag is
determined through direct integration of the skin friction and
pressure around the contour of the airfoil.

Discussion of Results
A numerical test was made to determine grid density effect

on the potential flow solution. In Fig. 5, two sets of pressure
distributions are presented: one was obtained with 128 points
and the other with 64 points used to represent the airfoil
contour, with good agreement between them. This suggests
that a 64-point grid system is sufficient for the present pur-
poses although a denser grid system is expected to give more
accurate shock locations. From here on, all calculations were
made with the grid distribution of 64 points around and 16
points normal to the airfoil.

The method has been tested thoroughly against ex-
perimental data. The data, which were collected by NSRDC
on the NSRDC two-dimensional airfoils, NCCR 2520-7067N
and NCCR 1610-8054S, the profiles of which are shown in
Fig. 6, for a wide range of blowing momentum coefficients,
were used extensively for this purpose. The section, NCCR
1510-7067N, has a circular trailing edge whereas the trailing
edge of the transonic airfoil, NCCR 1610-8054S, is a log-

a)

b)
Fig. 6
8054S.

Airfoil geometry, a) NCCR 1510-7067N, b) NCCR 1610-

LEADING
EDGE

a)

Fig. 4 Grid system: a) in the computational plane; b) in the physical
plane.
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Fig. 7 Pressure distribution over the airfoil; NCCR 1510-7067N.
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Fig. 9 Pressure distribution over the airfoil; NCCR 1610-8054S.

Fig. 10 Pressure
distribution over the
airfoil; NCCR 1610-
8054S.

spiral. The blowing slots of NCCR 1510-7067N and NCCR
1610-8054S are located at 96.8% and 98% of the chord,
respectively. Figures 1 and 8 show the results at low Mach
number for the NCCR 1510-7067N and are in excellent
agreement with the data. Figure 8 also shows an improvement
in the calculation method over the previous version, CIR-

-2
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Cn = 0.0157
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2.00 1.00.40 .60
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Fig. 11 Pressure distribution over the airfoil; NCCR 1610-8054S.
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-0.1 ov
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Fig. 12 Comparison between calculated and measured lift coef-
ficients for a range of momentum coefficients; NCCR 1610-8054S.

CON. A high Mach number (M=0.7) flow without blowing,
in which a shock is present, is shown in Fig. 9. The location of
the shock is well predicted, and the overall pressure
distribution is satisfactory. A more severe case is shown in
Fig. 10, and again the shock strength and location are well
represented. The upper surface pressures in the trailing-edge
region are not as well predicted. A probable explanation
involves the manner in which the airfoil is represented
downstream of the slot. The analysis requires a smooth
contour; consequently the slot region is faired in, resulting in
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slightly different contours between experiment and analysis.
Figure 11 shows a pressure distribution for the NCCR 1610-

8054S. Mach number and angle of attack are approximately
0.6 and -2 deg, respectively. The agreement, in general, is
quite good, although the method has some difficulty in
predicting the pressure accurately in the region of the blowing
slot. For this case, the blowing coefficient is of sufficient
magnitude that the slot flow is choked. Downstream of the
slot the flow can have an embedded shock structure due to the
initially underexpanded jet. The analysis procedure currently
is not capable of treating this feature of the flow.

Finally, the C7 — C^ curve for this case is shown in Fig. 12,
and the result is very encouraging. As in the experimental
data, the lift increases as CM increases until it reaches the
maximum and then begins to drop in spite of the continuous
increase in CM . It is evident from the experiment that the drop
in C, is due to the presence of shock induced by strong slot
blowing. At the present time, the analysis method is not
capable of predicting the presence of this shock. However,
with the present wall jet model, for ACp, which is based on
Kind's measurements,13 the method is able to predict the
optimum blowing momentum coefficient, CM, and the
corresponding lift coefficient, C7.

Conclusions
Comparisons with experiment indicate that the new method

gives results as good if not better than CIRCON in subsonic
flow. In the transonic regime, the method is capable of
predicting shock locations quite well, particularly for rounded
trailing-edge airfoils at zero blowing coefficient. This is
believed to be currently a unique capability. At the higher
blowing coefficients where jet-induced shocks are present,
additional work is needed to enable the analysis to predict the
optimum blowing coefficient for a given Mach number and
angle of attack, although this may be a fortuitous result of the
model used to determine the additional suction due to jet
effects.
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